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ABSTRACT: Spinel-type crystals may possess complex and
versatile chemical composition and crystal structure, which leads
to difficulty in constructing relationships among the chemical
composition, crystal structure, and intrinsic properties. In this work,
we develop new empirical methods based on bond valences to
estimate the intrinsic properties, namely, compressibility and
thermal expansion of complex spinel-type crystals. The composi-
tion-weighted average of bond force constants in tetrahedral and
octahedral coordination polyhedra is derived as a function of the
composition-weighted average of bond valences, which can be
calculated according to the experimental chemical composition and crystal structural parameters. We discuss the coupled effects
of tetrahedral and octahedral frameworks on the aforementioned intrinsic properties. The bulk modulus could be quantitatively
calculated from the composition-weighted average of bond force constants in tetrahedral and octahedral coordination polyhedra.
In contrast, a quantitative estimation of the thermal expansion coefficient could be obtained from the composition-weighted
average of bond force constants in octahedral coordination polyhedra. These empirical methods have been validated by the
results obtained for a new complex quaternary spinel-type oxynitride Mg0.268Al2.577O3.733N0.267 as well as MgAl2O4 and
Al2.85O3.45N0.55 from the literature. Further, these empirical methods have the potential to be extensively applied in other types of
complex crystals.

■ INTRODUCTION

The spinel-type crystals comprise a broad group spanning a
range of properties including thermoelectricity,1 the coexistence
of transparency and conductivity,2 electrochemical properties,3

and catalytic properties.4 The spinel-type structure consists of
an almost ideal cubic-close-packed arrangement of anions in
which cations are distributed in tetrahedral and octahedral
coordination.5 There are several spinel-type crystals with
complex chemical composition such as CoxZn1−xAl2O4 (x =
0.01−0.6),6 LiNi0.5Mn1.5O4,

3 and γ-Si2AlON3,
7 where not only

the two cationic sites but also the anionic site can have mixed
occupancy. A substantial number of vacancies may reside on
the cationic sites as a result of charge balance in non-
stoichiometric spinel-type crystals such as MgO·xAl2O3 (1 < x
≤ 3.55).8 Moreover, variable degrees of cation disorder
between tetrahedral and octahedral sites are possible in
spinel-type crystals such as Zn1−xCuxAl2O4 (0 ≤ x ≤ 1),9

MgFe2O4,
10 and CoAl2O4,

11 and the degree of inversion
depends on the chemical composition, pressure, temperature,
cooling history, etc.12,13 On the basis of these premises, the
chemical composition and crystal structure of spinel-type
crystals may have extraordinary complexity and versatility.

Because the intrinsic properties of a crystal strongly depend on
the chemical composition and crystal structure,14 under-
standing the relationships among them is crucial to purposely
designing new spinel-type crystals with tunable intrinsic
properties. However, these relationships have not been well
constructed because of the above-mentioned complex chemical
composition and crystal structure in spinel-type crystals.
The intrinsic properties of a crystal, including compressibility

and thermal expansion, are generally determined by the
bonding properties of constituent coordination polyhedra.15−18

Until now, few empirical methods have been proposed to
relate these intrinsic properties to the bonding properties based
on the experimental chemical composition and crystal
structure,17−23 which has been proven to have the advantage
of great authenticity and simplicity. Most of these empirical
methods apply exclusively to binary crystals with one species of
chemical bond and allow one to estimate the intrinsic
properties as a function of the accessible parameters, e.g.,
bond lengths, coordination number, formal charge, and
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ionicity.19−21 For example, Cohen presented a bulk modulus
model for zinc-blende semiconductors using the bond length
and empirical ionicity.19 Hazen and Finger proposed a more
general bulk modulus−volume relationship for several structure
types such as simple oxides, sulfides, and halides based on the
formal charge and empirical ionicity.20 Moreover, the thermal
expansion coefficients of simple oxides were estimated from the
cation formal charge and coordination number.21

In the aforementioned empirical methods, different quanti-
fication schemes are being used for different types of crystals
and intrinsic properties.24 A more suitable and universal
parameter to characterize the bonding properties is necessary
for empirical methods to have broader applicability. It is noted
that the stretching bond force constant of a chemical bond (Fc)
is a fundamental parameter to gain insight into the bonding
strength and character of a chemical bond.25,26 The empirical
methods based on Fc have been proven to be universal and
successful in estimating the thermal expansion and compres-
sibility for different types of binary crystals with one species of
chemical bond.22,23,27−29 However, these empirical methods
based on Fc have not been applied to estimate the intrinsic
properties of spinel-type crystals with both complex chemical
composition and two different coordination sites.
Some studies have shown that the coupled effects of the

tetrahedral and octahedral frameworks on the intrinsic
properties should be considered in spinel-type crystals.15,30−33

For instance, Megaw assumed that the thermal expansion of a
spinel-type crystal is determined by the thermal expansion of
chemical bonds in octahedral coordination polyhedra.30 Finger
et al. suggested that tetrahedral and octahedral coordination
polyhedra contribute equally to the total compressibilities in
spinel-type crystals.31 These coupled effects may play an
important role in the empirical methods for spinel-type crystals.
In order to develop new empirical methods by Fc for

complex spinel-type crystals, the composition-weighted average
of bond force constants (Fc

Ave) in coordination polyhedra with
sites occupied by multiple kinds of mixed anions or cations
should be calculated. Until now, most expressions to calculate
Fc have been proposed for coordination polyhedra with sites
containing a single kind of anion or cation,25,26 which cannot be
used to calculate Fc

Ave. It is noted that, on the basis of the bond
valence method proposed by Brown,34,35 the composition-
weighted average of bond valence (SAve) in coordination
polyhedra with different kinds of mixed anions or cations can
be calculated with the constraint of the chemical composition,
which can be used to globally analyze the bonding strength of
coordination polyhedra. Furthermore, Brown also has deduced
an expression between the bond force constant and bond
valence, which has predicted good results in high-symmetry
coordination polyhedra with a single kind of anion or cation.23

On the basis of these premises, we predict that Fc
Ave could be

well estimated by the aforementioned SAve parameter. However,
so far, there is no report about empirical methods to
quantitatively estimate the thermal expansion and compressi-
bility by bond force constants based on bond valences in spinel-
type crystals.
Here, we will give a brief introduction of the scheme to

present new empirical methods based on bond valences in this
paper. First, the complex chemical composition and crystal
structure of spinel-type crystals will be determined. Then, Fc

Ave

in tetrahedral and octahedral coordination polyhedra will be
calculated from SAve values according to the experimental
chemical composition and crystal structural parameters. Finally,

the coupled effects of the tetrahedral and octahedral frame-
works will be further analyzed, and empirical methods using
Fc
Ave will be proposed to estimate the bulk modulus and thermal

expansion coefficients for spinel-type crystals. The performance
of the new empirical methods is tested through the results
obtained in our recently synthesized complex quaternary spinel-
type Mg0.268Al2.577O3.733N0.267

36 and validated against literature
data on the common ternary spinel-type MgAl2O4

31,37 and
Al2.85O3.45N0.55.

37−39

■ EXPERIMENTAL SECTION
Sample Synthesis. Single-phase Mg0.268Al2.577O3.733N0.267 powders

were prepared by a solid-state reaction process, using high-purity
16.376 mol % MgO (99.99%), 15.377 mol % AlN (∼99.9%), and
68.247 mol % α-Al2O3 (∼99.99%) powders as the raw materials.
Elemental analysis of the synthesized powders was performed using a
combination of different methods. Quantitative analysis of the O and
N contents was performed by the well-established hot gas extraction
method (model TC-600; Leco, St. Joseph, MI). Silicon oxide was used
as an O calibration standard and tantalum nitride as a N calibration
standard. Totals of 42.813 wt % O and 2.681 wt % N were detected.
The Mg and Al contents were determined by inductively coupled
plasma atomic emission spectroscopy (model Optima 4300DV;
PerkinElmer Instruments, Boston, MA). Single element standards of
Mg and Al were used as Mg and Al calibration standards. Totals of
4.668 wt % Mg and 49.838 wt % Al were detected. The accuracy is
∼1% of the presented content in all cases. The obtained composition
can be expressed by the formula Mg0.268(3)Al2.577(26)O3.733(37)N0.267(3).
Then, the powders were pressed into disks and annealed at 1875 °C
for 24 h. The final products were highly dense and transparent. The
detailed preparation and characterization of the powders and disks are
available in our recently published paper.36

Crystal Structure Refinement. Using an X-ray diffractometer
(X’Pert Pro; PANalytical Co., Almelo, The Netherlands), the powder
X-ray diffraction (XRD) pattern was collected at room temperature
with monochromatized Cu Kα radiation (1.540598 Å, 40 kV, 40 mA).
The full measurement range of a 128-channel linear multistrip
X′Celerator detector was applied to scan the range from 15° to 145°
with a step size of 0.013° and a counting time of 11.22 s for each step.
The optics configuration was primary and secondary soller slits of 0.04
rad, a vertical mask of 15 mm, a divergence slit of 0.5°, and antiscatter
slits of 8.0 mm. In this paper, we adopted the Rietveld method using
the FULLPROF program40 combined with the structure model of
spinel-type solid solutions proposed by Lavina et al.41 to determine the
crystal structure of Mg0.268Al2.577O3.733N0.267. Indeed, because the X-ray
scattering factors for Mg and Al are very similar, the cation distribution
of Mg and Al cannot be directly obtained from XRD analysis.

Rietveld analysis was performed in the Fd3̅m space group in which
Al and cation vacancies (□) were both located on the sites 8a and 16d
and O and N on the sites 32e. The Al form factor was used in both
cationic sites, with free occupancy to account for the presence of Mg
and □. The site occupancies were constrained to the chemical
composition Mg0.268Al2.577□0.155O3.733N0.267. The atomic positions of
the tetrahedral and octahedral sites were set to (0.125, 0.125, 0.125)
and (0.5, 0.5, 0.5) for origin at 3 ̅m, respectively. The shapes of the
Bragg peaks were quantified by a pseudo-Voigt function. In the final
refinement, the following parameters were refined in sequence: 2θ −
0; six background parameters; a unit cell parameter; a scale factor;
peak-shape parameters; four parameters from asymmetry; three half-
width parameters; atomic positions of O and N; isotropic displace-
ment parameters; site occupancies of Al and □.

The intracrystalline cation distribution was calculated using a model
for the spinel-type solid solutions where the chemical and structural
parameters were calculated by a function of the cation distribution,
using ionic radii for calculation of the bond lengths. The software
SIDR was modified to calculate the crystal structure of spinel-type
oxynitrides. In particular, metal−oxygen bonds were corrected for the
presence on N partially substituting for O and using the difference in

Inorganic Chemistry Article

dx.doi.org/10.1021/ic5002013 | Inorg. Chem. 2014, 53, 5986−59925987



the ionic radii between tetrahedrally coordinated O2− and N3−

reported in Shannon’s compilation.42 Details of the calculation
algorithm have been previously described.41 Briefly, SIDR used a
least-squares minimization of the following function:

∑
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where Oj were observed quantities with their standard deviation σj.
The j quantities are (i) the four observed crystallographic parameters
from Rietveld analysis (cell parameter a, anion position parameter u,
the mean atomic number of the tetrahedral (m.a.n.T) and octahedral
(m.a.n.M) sites), (ii) the chemical atomic proportions, and (iii) the site
occupancies of T and M, and the formula neutrality is treated as
discussed Lavina et al. in 2002.41 Cj(Xi) are calculated as a function of
the variable cation fractions Xi (Supporting Information I). □ in
Mg0.268Al2.577O3.733N0.267 was assumed to be located on the octahedral
sites according to the octahedral site preference shown by vacancies in
other spinel-type crystals.8,44,45 Because standard deviations from
Rietveld analysis are known to underestimate the refined parameter
uncertainties, in our cation distribution optimization, we assigned the
values of σ = 0.0005, 0.0005, 0.5, and 0.3 to a, u, m.a.n.T, and m.a.n.M,
respectively.41 These values were found to be reasonable average
uncertainties in spinel structural refinement based on analysis of a large
database of spinel structures. The standard deviations of chemical
proportions were assumed within 1% of the measured values. On the
basis of doubling of the minimization function, we estimate the
uncertainty on the site atomic fractions to be 0.01 afu (atoms per
formula unit).
Bond Valence Calculation. According to the bond valence

method suggested by Brown,34,35 the bond valence sum Vi of an atom i
was defined as the sum of the bond valence Sij of all the bonds from i
to atoms j:
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where R0 is the bond valence parameter,
46 Rij is the length of the bond

between the two atoms i and j, and b is a universal constant equal to
0.37 Å. The quantity of the overall structure stability could be
determined by comparing the calculated bond valence sum (Vi) with
the formal valence (vi), which was referred to the global instability
index (GII) according to43
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X-ray Photoelectron Spectroscopy (XPS). XPS spectra were
measured using a spectrometer (VG multilab 2000; ThermoVG
Scientific, Southend-on-Sea, Essex, U.K.) with monochromatized Al
Kα X-ray radiation in an ultrahigh vacuum (<10−7 Pa). The binding
energies were calibrated by the C 1s peak (284.64 eV) of carbon
impurities as a reference. The peaks were deconvoluted by Avantage
software after background subtraction, using a mixed Gaussian−
Lorentzian function.
Intrinsic Properties. The bulk modulus was determined using

ultrasonic equipment (EXPLORE-9000; Matec Instruments, Hookin-
ton, MA) with a fundamental frequency of 15 MHz at 23 °C. The
linear coefficient of thermal expansion from 30 to 200 °C at a heating
rate of 5 °C·min−1 was measured using a dilatometer (DIL 402C;
Netzsch, Selb, Germany).

■ RESULTS AND DISCUSSION
Crystal Structure Refinement. The crystal structure of

Mg0.268Al2.577O3.733N0.267 is refined by the Rietveld method
combined with the structure model of spinel-type solid

solutions. From Rietveld analysis, as shown in Table 1, the
observed crystallographic parameters containing the cell

parameter (a), anion position parameter (u), bond lengths
(RT and RM), and mean atomic number (m.a.n.T and m.a.n.M)
of the tetrahedral and octahedral sites are obtained. In the last
refined cycle (Supporting Information II, Table 1s), the
calculated (line) patterns fit well to the experimental (circle)
patterns, as shown in Figure 1. The final R values are listed as

follows: Rp = 4.61%; Rwp = 6.18%; χ2 = 1.75. Then, according to
the structure model of spinel-type solid solutions, the calculated
crystallographic parameters and optimized cation distribution
are also obtained, as shown in Table 1. The value of D(Xi) is
1.73, which is closed to 1 and indicates good agreement
between the calculated and observed data. Minimization leads
to the Mg2+ cations of Mg0.268Al2.577O3.733N0.267 locating at the
tetrahedral sites. This result is consistent with the distribution
of Mg2+ cations in Mn2+- and Mg2+-codoped γ-AlON.44

To further verify the refined cation distribution, the XPS
spectra of Mg0.268Al2.577O3.733N0.267 are interpreted as shown in

Table 1. Observed (Oj) and Calculated (Cj) Crystallographic
Parameters with the Standard Deviation (σj) and Optimized
Cation Distribution of Mg0.268Al2.577O3.733N0.267 by the
Structure Model of Spinel-Type Solid Solutions

Oj σj Cj Cj − Oj

D(Xi) = 1.73
a (Å) 7.9797 0.0005 7.9794 −0.0003
u 0.3830 0.0005 0.3828 −0.0002
RT (Å) 1.838 0.007 1.835 −0.003
RM (Å) 1.933 0.004 1.935 0.002
m.a.n.T 12.705 0.500 12.740 0.035
m.a.n.M 12.141 0.300 12.005 −0.136
Mg2+ 0.268 0.003 0.271 0.003
Al3+ 2.577 0.026 2.576 −0.001
□ 0.155 0.002 0.156 0.001
sum 3.000 3.003
cation distribution tetrahedral site octahedral site

Mg2+ 0.271 0.000
Al3+ 0.730 1.846
□ 0.000 0.156
sum 1.001 2.002

Figure 1. Measured (circles), calculated (line), and differential
(bottom line) XRD patterns of Mg0.268Al2.577O3.733N0.267 powders.
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Figure 2. No other elements are detected except for the
constituent components and contaminated C in the spectrum,

as shown in Figure 2a. To analyze the Mg2+ and Al3+

distributions, the high-resolution XPS spectra of Mg 1s and
Al 2p are measured, as shown in parts b and c of Figure 2,
respectively. The Mg 1s XPS spectrum is symmetric in our
experiment and can be deconvoluted into only one peak. The
peak at 1304.06 eV is assigned to the Mg2+ ions occupying the
tetrahedral sites.47 The Al 2p XPS spectrum is relatively broad
and asymmetric, which indicates that Al3+ ions occupy more
than one coordination site. The peak at higher binding energy
(∼74.7 eV) is assigned to the Al3+ ions occupying the
octahedral sites, while the peak at lower binding energy
(∼73.6 eV) is due to Al3+ ions occupying the tetrahedral sites.47
The site fraction ratio of Al3+ ions in the octahedral and
tetrahedral sites is estimated according to the area ratio of these
two peaks. This ratio is about 2.52, which agrees well with that
calculated from the refined cation distribution.
On the basis of the crystal structural analysis above, the

experimental structural formula of Mg0.268Al2.577O3.733N0.267
could be described as (Mg0.268Al0.732)

IV[Al1.845□0.155]
VIO3.733-

N0.267. Figure 3 depicts the crystal structure schematic of
Mg0.268Al2.577O3.733N0.267. The basic unit of the structure is the
“double rutile” chain, in which a pair of edge-shared octahedra
pile up along the [111] directions. Four chains are linked by

sharing vertices to form a three-dimensional framework
structure. It is suggested that Mg0.268Al2.577O3.733N0.267 could
be defined as a normal spinel-type compound similar to the
normal nonstoichiometric magnesium aluminate,8 because
Mg2+ and □ may reside exclusively on the tetrahedral and
octahedral sites, respectively. Furthermore, the crystal structural
parameters of Mg0.268Al2.577O3.733N0.267 as well as MgAl2O4
(ICSD no. 77583)31 and Al2.85O3.45N0.55 (ICSD no. 70032)38

are shown in Table 2.
Bond Valence Calculation. In order to globally analyze

the bonding strength of coordination polyhedra with sites
occupied by several kinds of mixed anions or cations, the
composition-weighted average of bond valences and bond
valence sums could be calculated with the constraint of the
chemical composition using the bond valence method.34,35 On
the basis of our previous first-principles study on an atom site
preference in γ-AlON,48 we assume that the clustering of N or
□ is also not favorable in complex spinel-type oxynitrides.
While anions are randomly distributed at the anionic sites,
cations and □ randomly exist at the cationic sites. According to
the site assignment ratios of each constituent species in
coordination polyhedra, the composition-weighted average of
bond valences (SAve) between cations and anions could be
calculated as

∑ ∑=S X Y S[ ( )]
i

i
j

j ijAve
(5)

where Xi and Yj are the fractions of one type of cation and
anion in coordination polyhedra, respectively. Accordingly, the
composition-weighted averages of tetrahedral site bond
valences (ST) and octahedral site bond valences (SM) could
be calculated. The calculated bond valence results of
Mg0.268Al2 .577O3.733N0.267 as well as MgAl2O4 and
Al2.85O3.45N0.55 are shown in Table 2 (Supporting Information
III, Table 2s).
In addition, the results of bond valence calculations could be

used to further validate the newly refined structure.35,49 VT
(2.57 vu) and VM (2.68 vu) of Mg0.268Al2.577O3.733N0.267 are
about 5% lower than the formal valences of cations in
tetrahedral sites (2.73 vu) and octahedral sites (2.77 vu),
which shows agreement with the results of other spinel-type
crystals.50 As shown in Table 2, GII of Mg0.268Al2.577O3.733N0.267
(0.10) is lower than 0.2. Consequently, the refined crystal
structure of Mg0.268Al2.577O3.733N0.267 could be chemically
reasonable.43

Bond Force Constant Calculation. The bond force
constant in coordination polyhedra with sites containing a
single kind of anion or cation could be deduced by the bond
valence. The approximate quantitative relationship is given by23

γ
=

−⎜ ⎟
⎛
⎝

⎞
⎠( )

F
R

S

b R

ij
c

8

3

3/2
1 2
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where γ = 23 nN Å2 electrons−2. Further, Fc
Ave in coordination

polyhedra with sites occupied by different kinds of mixed
anions or cations could be estimated by SAve, which is an
important fundamental parameter to characterize the bonding
properties of constituent coordination polyhedra in complex
spinel-type crystals. According to ST and SM, the composition-
weighted averages of bond force constants in the tetrahedral
(Fc

T) and octahedral (Fc
M) coordination polyhedra could be

c a l c u l a t e d . T h e c a l c u l a t e d F c
T a n d F c

M i n

Figure 2. XPS survey spectrum (a) and Mg 1s (b) and Al 2p (c)
spectra of Mg0.268Al2.577O3.733N0.267 powders.

Figure 3. Schematic crystal structure of Mg0.268Al2.577O3.733N0.267.
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Mg0.268Al2.577O3.733N0.267 as well as MgAl2O4 and Al2.85O3.45N0.55
are shown in Table 2. These calculated bond force constants
are plotted as a function of the bond valence in Figure 4. The

bond force constant quasi-linearly increases with increasing
bond valence, which confirms that the bond force constants as
well as the bond valences are important parameters to
quantitatively investigate the bonding strength of coordination
polyhedra in spinel-type crystals. In general, Fc

T and Fc
M in

spinel-type crystals can be evaluated by the lattice vibration
theory based on Waldron absorption bands developed by
Grimes and Collett.51 It is shown that Fc

T (245 N m−1) and Fc
M

(149 N m−1) of Mg0.268Al2.577O3.733N0.267 calculated by ST and
SM are consistent with Fc

T (∼236.72 N m−1) and Fc
M (∼130.30

N m−1) calculated by the Waldron absorption bands
(Supporting Information IV, Figure 1s), which further confirms
that Fc

T and Fc
M calculated based on the weighted average of

bond valences are reasonable.
Bulk Modulus Calculation. The bulk modulus of a crystal

is roughly dependent on the compressibility of constituted
polyhedral structures.17,18,23,52 An expression by the bond force
constant has been developed to estimate the bulk modulus of a
chemical bond (Bv) given by23

=B
F
gR3 ij

v
c

(7)

where g is a geometric factor that represents the ratio of the
effective area supported by the bond to the square of the bond
length. Values of g for a number of simple structures have been
obtained.23 The bulk modulus of different simple high
symmetry structures with a single-coordinate framework can
be quantitatively estimated by Bv derived from Fc and was
found accurate to around 95%.23 However, because spinel-type
crystals have complex crystal structure, the interactive effect of
the tetrahedral and octahedral frameworks on the compressi-
bility of a crystal should be analyzed. In general, the spinel-type
structure can be viewed as a combination of two kinds of simple
high symmetry polyhedral structures with a single-coordinate
framework, the tetrahedrally bonded blende-type structure and
the octahedrally bonded rock salt structure. Moreover, cation
vacancies may reside on cationic sites, leading to a decrease in
the number of bonds, which can influence the bulk modulus of
the polyhedral structure in the spinel-type structure. The bulk
modulus of the tetrahedral (BT) and octahedral (BM)
coordinate structure can be calculated from

= =B pB p
F
g R3T v

T c
T

1 T (8)

= =B qB q
F
g R3M v

M c
M

2 M (9)

where p and q are the total cation fractions in the tetrahedral
and octahedral sites, respectively. The values of g1 and g2 are
2.31 and 1, respectively.23 It is noted that some studies have
shown that tetrahedra and octahedra contribute equally to the
total compressibilities in spinel-type crystals.31−33 As a result,
the bulk modulus (BCal) of a complex spinel-type crystal could
be calculated by the average of BT and BM, which is written as

=
+

B
B B

2Cal
T M

(10)

As shown in Table 3, the calculated and experimental bulk
moduli of Mg0.268Al2.577O3.733N0.267 as well as MgAl2O4 and
Al2.85O3.45N0.55 are listed, which shows good agreement
between the calculated and experimental values. The calculated
results have proven that MgAl2O4 has a possibly similar bulk
modulus of about 200 GPa.31,33

Thermal Expansion Coefficient Calculation. The
thermal expansion of a crystal is closely related to the thermal
expansion of constituted chemical bonds.17,18,22,30 Because the
thermal expansion of a bond is related to the increase in the

Table 2. Structural Formulas, Crystal Structural Parameters, and Bond Valence and Bond Force Constant Results of
Mg0.268Al2.577O3.733N0.267 as Well as MgAl2O4 and Al2.85O3.45N0.55

MgAl2O4 Mg0.268Al2.577O3.733N0.267 Al2.85O3.45N0.55

structural formula (Mg0.86Al0.14)
IV[Mg0.14Al1.86]

VI O4 (Mg0.268Al0.732)
IV[Al1.845□0.155]

VI O3.733N0.267 (Al1)
IV[Al1.85□0.15]

VI O3.45N0.55

a (Å) 8.0898(9) 7.9797(5) 7.9526(5)
u 0.3883(3) 0.3830(5) 0.3812(2)
RT (Å) 1.938(4) 1.838(7) 1.807(3)
RM (Å) 1.921(2) 1.933(4) 1.940(2)
ST (vu) 0.51(1) 0.64(1) 0.70(1)
SM (vu) 0.49(1) 0.48(1) 0.49(1)
VT (vu) 2.05(3) 2.57(4) 2.80(4)
VM (vu) 2.91(3) 2.68 (3) 2.72(3)
GII 0.04 0.10 0.10
Fc
T (N m−1) 162(4) 245(6) 287(6)

Fc
M (N m−1) 155(2) 149(2) 153(2)

Figure 4. Calculated composition-weighted averages of bond force
constants in the tetrahedral (Fc

T) and octahedral (Fc
M) coordination

polyhedra of Mg0.268Al2.577O3.733N0.267, MgAl2O4, and Al2.85O3.45N0.55 as
a function of the bond strength.
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amplitude of the atomic vibrations along the direction of the
bond, the expression for the thermal expansion coefficient of a
chemical bond (αv) can be deduced according to the distortion
theorem based on the bond valence method given by22,34

α = k
F R

1.35

ij
v

c (11)

where k is the Boltzmann constant. According to the calculated
bond force constants Fc

T and Fc
M, the thermal expansion

coefficients of constituted tetrahedral (αv
T) and octahedral (αv

M)
site chemical bonds could be obtained in spinel-type crystals,
respectively. However, the coupled effects of the tetrahedral
and octahedral frameworks on the thermal expansion of crystals
need to be considered in spinel-type crystals. In spinel-type
structures, the majority of cations occur in octahedra, which
shares edges to form a continuous framework. The octahedral
bond length thus determines the size of the framework, and the
thermal expansion of a spinel-type crystal is mainly determined
by the thermal expansion of chemical bonds in the octahedrally
coordinated sites.30,32 In addition, cation vacancies in the
octahedral sites also have an impact on the thermal expansion.
The thermal expansion coefficient (αCal) of a spinel-type crystal
is closely related to αv

M and could be calculated by

α α= =q q
k

F R
1.35

Cal v
M

c
M

M (12)

The calculated and experimental thermal expansion coefficients
of Mg0.268Al2.577O3.733N0.267 as well as MgAl2O4 and
Al2.85O3.45N0.55 are shown in Table 3. There is good agreement
between the calculated and experimental values, which indicates
the validity of this method to quantitatively estimate the
thermal expansion coefficients of complex spinel-type crystals.

■ CONCLUSIONS
In summary, new empirical methods by the bond force
constants based on bond valences are developed to estimate the
compressibility and thermal expansion of complex spinel-type
crystals, which is successful in Mg0.268Al2.577O3.733N0.267 as well
as MgAl2O4 and Al2.85O3.45N0.55. The simple and feasible
scheme is proposed to present these empirical methods. First,
the chemical composition and crystal structure are determined.
Then, the composition-weighted average of bond valences and
bond force constants in tetrahedral and octahedral coordination
polyhedra are calculated. Finally, for spinel-type crystals, the

bulk modulus is quantitatively calculated by the average of BT
and BM derived from ST and SM, and the thermal expansion
coefficient is quantitatively estimated by αv

M derived from SM.
Further, our scheme to present the empirical methods could
also have potential use in other types of complex crystals such
as perovskites and garnets, in which it is critical to analyze the
coupled effects of frameworks with different coordination
polyhedra. These empirical methods would contribute to
setting up relationships among the composition, structure,
and intrinsic properties of complex crystals and give useful clues
for material design.
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